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Abstract 
In this paper, active vibration control of a simply supported rectangular plate made from functionally 
graded materials (FGM) with fuzzy logic control (FLC) is investigated and compared to the results 
obtained with the application of PID control. According to the importance of vibration reduction of plates 
as a major element of industrial and aerospace structures many researches in this field have been done. 
Application of smart materials specially, piezoelectric patches as actuators and sensors can effectively 
reduce plate vibrations. Firstly differential equation of motion for a rectangular plate made of functionally 
graded material equipped with piezoelectric patches is derived using a local function to consider the 
effects of piezoelectric mass and stiffness. Classical plate theory is used to derive the equation of motion. 
Double Fourier series is used to obtain the first nine natural frequencies and mode shapes of plate. Modal 
analysis is applied to obtain the system responses imposed to an initial condition and a comparison is 
made between the application of PID control and FLC to dampen the plate vibration. The results of both 
methods are shown through numerical results and graphical illustrations. The research shows FLC has 
more capability to dampen the vibration of the smart plate compared to PID control. 
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1. INTRODUCTION 
Plates are widely used as a major structural element in many fields such as mechanical, aerospace and 
civil engineering. As a result of many loadings are dynamical on plates, in many cases active control by 
the use of piezoelectric layers (Senthil V. G. et al., 1999) and piezoelectric patches (Sharifnia M. and M. 
Rafeeyan, 2008) have been used to reduce the vibration of plates. The concept of functionally graded 
material (FGM) was introduced due to the demands of ultra-high-temperature environment and the 
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elimination of the stress singularities (Niino A. and S. Maeda, 1990). Active vibration control of a 
rectangular plate equipped with piezoelectric patches has been investigated and has been shown FLC 
gives better results compared to PID control method when the voltage given to piezoelectric patches is the 
same in both methods (A.Hossainnezhad et al., 2010). Fuzzy controllers are used to optimize the 
performance of active control of vibration (Lin J. and L. Wei-Zheng, 2006; Lin J., 2005). In this paper 
free vibration of an FGM rectangular plate bonded with nine piezoelectric patches is studied and the first 
nine modes of the smart plate are obtained. In the modeling of the plate the effects of mass and stiffness 
of the piezoelectric patches are stated by a local function. In fact, unlike many papers that assume the 
effects of patches as external forces on the surface of the smart plate, in recent paper the effects of mass 
and stiffness of the smart plate are considered to derive the equation of motion. Modal analysis and state 
space matrices are implemented to calculate the response of the plate. To reduce the plate vibration, both 
classical control theory and fuzzy logic control (FLC) will be used. It will be shown FLC has better 
performance to dampen the vibration of the smart plate in the case that the maximum voltages applied to 
piezoelectric actuators are the same.  
2. EQUATION OF MOTION 
The Sigmoid law has been considered to model the FGM plate. To assume a quadratic electric 
potential and according to constitutive equations and reduced charge equation for piezoelectric patches 
the equation of motion of the smart plate is as following: (Senthil V. G. et al., 2001)  
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R is the location function in terms of unit function U, and is defined as 
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The first derivatives of R are related to delta function but there is no common expression for the second 
derivatives. The local mass density function is defined as Rhȡ+Rhȡ+hȡ=hȡ ssaaEE  , Where, aU  
and sU   are the density of actuators and sensors and EU  is the density of host plate and h denotes for 
the thickness. In equation (10), ( , , )q x y t  is the external loading on the plate. pN  is the number of 
patches and flexural rigidity is shown by D. It is noticeable that the third term of the right hand of 
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equation (10) can be added to the left side of the equation and this will increase the stiffness of smart 
plate or in other words the stiffness of piezoelectric patches has been considered in the equation of motion. 
aV is the actuator voltage and 
a
mh  is the distance of the actuator middle surface from the laminate middle 
surface. 
3.    SOLUTION METHOD 
To obtain natural frequencies and mode shapes of the smart plate, the voltage of actuators considered 
to be zero. According to the simply supports of plate, the lateral displacement of plate can be considered 
as a double Fourier sine series as 
t
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Substituting the equation (11) in equation of motion and multiplying both sides by )
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where p = 1,2, … M and q = 1,2, … N and integrating over the area of plate and truncating  the series at 
specific values of M, N  will lead to a system of equations  for various values of p, q   in form of 
2ka MaZ   (12) 
Solution of the above eigenvalue problem gives the natural frequencies and the coefficients of mna  and 
since these coefficients are known the mode shapes of smart plate are obtained according to equation (11).  
4.    MODAL ANALYSIS 
The general form of the equation of motion for a structure is  
Mx cx kx Qf      (13) 
Where, M, K and C are matrices of mass, damping and stiffness. Vectors of generalized force and 
displacements are shown by f and x; Q is input force influence. The equation of motion can be decoupled 
by the implementation of modal matrix which consists of mode shapes of the structure. Since a 
continuous structure has too degrees of freedom, an approximation has made by considering the first nine 
mode of the smart plate to obtain the response of the structure. By multiplying normalized modal matrix 
to the both sides of equation the equation will be in the form of 
22ij ij ij ij ij ij ijq q q p[ Z Z      (14) 
Where, ijq  are modal coordinates, ij[  is the damping ratio and ijZ is the natural frequency of the 
structure. The parameter ijp  is the control forces provided by the actuators. Equation (14) can be stated 
in state space form as 
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Where, V is the voltage applied to actuators to produce force on the structure and ijb  is the gain factor. 
5.   FUZZY LOGIC CONTROLLER 
In this paper, a set of FLC used has been described as following 
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The designed FLC uses five membership functions for the fuzzy inputs and outputs. Input variables are 
categorized into five groups: negative big (NB), negative small (NS), zero (ZE), positive small (PS) and 
positive big (PB). Triangular functions have been used for the inputs and output Figure 3, 4. In these 
figures, "error" stands for the difference between the existent displacement and the desired displacement 
which is zero, and the "error change" means the difference between the existent velocity and the desired 
velocity which is zero. A Mamdani type fuzzy inference system has been used with maximum type of 
aggregation and center of gravity (COG) type of defuzzification. The fuzzy rules have been presented in 
Table 1. Note that these rules are made by considering the real physical problems. 
 
Figure 3. Error and error change for input 
 
Figure 4. Membership functions of control signals 
 
Figure 5. Fuzzy surface 
Table 1:  Fuzzy inference rules 
x   x    
 NB NS ZE PS PB 
NB PB PB NS NB NB 
NS PB PB NS NS NB 
ZE PB PS ZE NS NB 
PS PB PS PS NB NB 
PB PB PB PS NB NB 
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6.   NUMERICAL MODELING AND RESULTS 
Characteristics of a rectangular plate bonded with piezoelectric patches are shown in Table 1 and 2.  
Table 2: Properties of PZT patch  Table3: Plate properties 
Young's modulus  E=126 GPa  Young's modulus of metal  E=200 GPa 
Poison's ratio X12=0.2  Young's modulus of ceramic E=205 GPa 
density U=7500 kg/m3  density X=0.3 
Piezoelectric constant e31=6.5 C/m2  density U =2800 kg/m3 
Dielectric permittivity [33=1.5×10-8 F/m  Dimensions 0.305×0.305 m2 
   Thickness 1 mm 
 
Figure 6. Arrangement of patches on plate 
The first nine natural frequencies and mode shapes are shown in Figure 7. 
The plate under the below initial conditions has been controlled by both two methods of classical 
control and FLC. Note that in this paper PD controller has been used for classical control method. The 
initial conditions are 
2 2( , ,0) 0.001 sin ( ) sin ( )
( , ) 0
x y
x y
w x y
l l
w x y
S S 
   (17) 
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The results are shown in Figures 8, 9, 10 which are obtained from the first nine modes of the 
rectangular plate that are shown in Figure 6 for three points. These three locations are the representative 
of the behavior of all locations. Note that the maximum voltage used for both two methods of the FLC 
and the classical control theories are the same.  
Freq = 382.7 rad/s 
m=1 n=1 
 
Freq = 988 rad/s 
m=1 n=2 
Freq = 2000.9 rad/s 
m=1 n=3 
Freq = 988 rad/s 
m=2 n=1 
 
Freq = 1533.9 rad/s 
m=2 n=2 
Freq = 2522.3 rad/s 
m=2 n=3 
Freq = 2034.3 rad/s 
m=3 n=1 
 
Freq = 2522.3 rad/s 
m=3 n=2 
Freq = 3448.9 rad/s 
m=3 n=3 
Figure 7. The first nine frequencies of the FGM smart plate 
7.   CONCLUSION 
In this paper an FGM rectangular plate was studied according to a model of the plate which considers 
the stiffness of piezoelectric patches by a local function. A double Fourier sine function that satisfies the 
simply supported boundary conditions was chosen to solve the equation of motion of the smart FGM 
plate. Modal analysis was implemented to obtain the first nine natural frequencies and mode shapes of the 
plate. By choosing the first nine modes of the FGM smart plate and using the state space matrices the 
response of the structure under initial conditions was observed according to two control methods of FLC 
and classical control theory. Both two control methods were compared to each other and it was presented 
FLC has more capability to dampen the vibration of the smart plate. Active vibration control of ordinary 
or FGM rectangular plates under thermal loadings can be done for future works. Changing the type of the 
plate supports such as clamped supports is another issue worth to be investigated after this paper. 
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Figure 8. Displacement of point 1 
 
Figure 9. Displacement of point 2 
 
Figure 10. Displacement of point 5 
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